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The evolution of (001) and (111) facets for the epitaxial growth inside submicron trenches is
systematically studied in this report. The analysis with the method of “Lagrange multiplier” indicates
the equilibrium crystal shape. In the case of non-equilibrium without external fluxes, we employed
the “weighted mean curvature” method to mathematically model the inter-facet migration rate for
two extreme kinetic cases: “surface diffusion limited” and “surface attachment/detachment limited.”
Coupled with external supply of atoms, the self-limited behavior of facet size is theoretically
predicted. Moreover, we find that the self-limited stable facet size in trenches of different widths
has a specific relationship determined by the surface energy ratio, kinetic rate ratio, and isolated
growth rate difference. The two limited cases could be discriminated according to the mathematical
fitting of one exponent in this relationship based on the stable facet size in trenches of different
widths.VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4861416]
I. INTRODUCTION
The facet evolution is of great interests for the research
of epitaxial growth. It primarily influences the final morphol-
ogy, particularly of the island growth mode, for practical
applications. Moreover, the investigation of facet evolution
would acquire the insightful information of surface energies
and kinetics, which are theoretical foundations and guide-
lines for epitaxy. In the occasion of selective growth on
(001) oriented surface, due to the interfacial energy with the
sidewall, even for homoepitaxy (e.g., Si on Si,1,2 as well as
heteroepitaxy, SiGe on Si,3 InP on Si4,5) extra facets, such as
(311) or (111) will generate close to the sidewall in order to
minimize the total surface energy. Afterwards, these facets
will develop in specific growth rate (GR), which influences
the crystal shape. Extensive experimental study about the
GR of individual facet can be found in the literatures, see
Refs. 3 and 6. For patterned substrates in micrometer scale,
there are several models proposed to understand the facet
GR and final crystal morphology, also including inter-facet
surface diffusion (SD), e.g., Refs. 6–14. However, detailed
understanding of submicron scale trench features, including
interfacial energy with sidewalls and surface kinetics, is not
available yet for the selective growth of semiconductors.
In this review, we utilize the selective growth behavior
of III-V materials as an example, in order to systematically
study the facet evolution inside submicron trenches from
equilibrium case to non-equilibrium one. However, we
believe the developed models should be applicable for other
material system with similar facets. In Sec. II, the facet
formation (e.g., mostly (001) and (111) facets according to
the experimental observation) in equilibrium is firstly ana-
lyzed with the method of Lagrange multiplier. It is theoreti-
cally concluded that the ratio of facet size can be the criteria
of equilibrium in variant trench width. Then in Sec. III, the
inter-facet migration for the case of non-equilibrium shape
(ES) firstly without external supply of atoms is investigated
in the framework of “weighted mean curvature” (WMC) pio-
neered by Carter13 and Taylor15,16 for both surface diffusion
limited and surface attachment/detachment limited proc-
esses. The surface chemical potential and the growth/recess
rate of (001) and (111) facets of dimension dependence are
explicitly illustrated. Coupled with the external supply flux
rate as in the growth experiments, the self-limited behavior
is theoretically analyzed and the correlation of stabilized
facet size with the trench width, kinetic coefficient ratio, and
external supply rate is mathematically described. It could be
potentially employed to assess the predominant process, i.e.,
surface diffusion or surface attachment/detachment. Finally,
the conclusion will be given in Sec. IV.
II. EQUILIBRIUM CRYSTAL SHAPE
Normally, due to the lattice mismatch of III-V materials
with Si substrates, the first step is a low temperature nuclea-
tion/buffer layer. The migration of adatoms could be prohib-
ited so the minimum energy state cannot be reached readily.
Additionally, a significant amount of defects are concen-
trated in the layer at the bottom of trenches, which can influ-
ence the evolution of facets in this stage. Therefore, our
discussion will be focused on the facet evolution in the mid-
range of trenches. Due to the trapping effects, the extended
defect density is reasonably low.5 We employed the method
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of Lagrange multipliers to deduce the size of each commonly
observed facets (i.e., (001) and (111) facets in Fig. 1) mini-
mizing the total surface energy for certain volume of
deposited materials. It should be noted that the strain energy is
not considered. The analysis will be treated as a two dimen-
sional issue since the longitudinal size of crystal is
significantly larger than the width for long sub-micron
STI (shallow trench isolation) trenches. The sidewall material
is eHARP (enhanced high aspect ratio process) silicon oxide.
The typical growth procedure refers to Refs. 4 and 5.
Following the standard procedure of the method of
Lagrange multiplier, if there is a tapering angle u of STI
sidewall, the total surface area in Fig. 1 can be computed as
S ¼ ðW  h1tan /Þh1 þ 1
4
½ðW  2h1tan/Þ2  L0012tan h:
(1)
The total surface energy without taking the interface between
the III-V solid and Ge buffer into consideration since it will
be constant for this analysis,
Es ¼ 2 cIIIVsidewall  csidewallð Þ
h1
cos/
þ ðW  2h1tan/Þ  L001
cos h
c111 þ L001c001; (2)
where, c001, c111, cIIIV-sidewall and csidewall are the specific sur-
face energy for Facet (001), Facet (111), IIIV-sidewall inter-
face and sidewall respectively.
In order to find the conditions for the minimum of Es
with the fixed value of S, by employing the method of
Lagrange multiplier (k is the multiplier), we obtained
L h1; L001; kð Þ ¼ Es þ k

W  h1tan/ð Þh1
þ 1
4
½ðW  2h1tan/Þ2  L0012tan h S
 :
(3)
By equating the first derivative to zero, the value of (001)
facet size for the minimum energy state should satisfy the
following relation:
L001 minimumð Þ ¼
c111
cos h
 c001
 
cot h
cIIIVsidewall  csidewall
cos/
 c111tan/
cos h
 ½ðW  2h1tan/Þð1  tan/tan hÞ:
(4)
Additionally, if the sidewall is straight,/ ¼ 0,
L001 minimumð Þ ¼
c111
cos h
 c001
 
cot h
cIIIVsidewall  csidewall
W: (5)
As indicated by the equation, at the minimum total surface
energy state, the width of (001) (if there is only (001) facet
on the top) reaches the minimum value (non-zero) and this
value is proportional to ½ðW  2h1tan/Þð1  tan/tan hÞ in
these nano-trenches. In this state, the facet (001) and (111)
reaches the equivalent surface chemical potential (we notice
that the interface chemical potential needs more investiga-
tion, which is beyond the scope of this report). Energetically,
the replacement of (001) facet by (111) facet increases the
surface energy, otherwise, for the homo-epitaxy on (001)
substrates, pyramids rather than smooth growth front would
be frequently observed. However, inside trenches, due to the
interfacial energy between crystal and oxide sidewall, the
formation of (111) facet can lower the contact area of the
interface with the sidewall.1,2 Therefore, the compromise of
these two effects determines the specific crystal shape inside
trenches. The quantitative description of equilibrium facet
size demands the accurate information of surface/interface
energies. However, practically the equilibrium crystal shape is
rather difficult to be realized due to the far-from equilibrium
characteristics of metalorganic vapor phase epitaxy (MOVPE)
growth. It would be approaching to the equilibrium shape if
the supplying rate is sufficiently low and surface temperature
is sufficiently high. In order to further investigate the facet
evolution, the kinetic process should be assessed. Therefore,
the “WMC” method has been employed to analyze the influ-
ence of surface/interface energy coupled with surface kinetics
on the growth rate of individual facet in Sec. III.
III. “WEIGHTED MEAN CURVATURE” METHOD
ANALYSIS
The crystal equilibrium shape during the growth is rarely
realized, consequently there will be a gradient of surface
chemical potential to drive the mass flux to approach the equi-
librium shape.17,18 This surface process is normally studied
for two extreme cases, i.e., SD limited and surface attach-
ment/detachment limited kinetics (“SALK”).13 In this section,
we follow the same thread to analyze the inter-facet mass
migration between (001) top facet and (111) facet firstly with-
out the external flux. Afterwards, with the external flux, mim-
icking the practical occasion, the self-limited behavior of facet
size is theoretically analyzed. The possibility to employ this
behavior to extract useful information (e.g., dominant kinetic
process, surface energy ratio, etc.) with trenches of different
widths is discussed. It is worthwhile noting that the “WMC”
FIG. 1. Schematic of III-V SEG growth inside submicron STI trenches on
on-axis (001) Si substrates, (111) and (001) facets commonly observed.
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method treats the individual smooth facet as the basic element
of study, rather than dividing into steps and terraces.10 It
captures the main physics and alleviates the burden of
computation.
The surface/interface stress will be not taken into con-
sideration for the following discussion, which is believed to
also influence the behavior of nano-size particles.11,12
Additionally, the tapering angle of sidewall is assumed as
zero here for the simplicity of the formulas. According to the
methodology of “weighted mean curvature,”13 the average
surface chemical potential of facet (001) and facet (111) in
Figure 1 can be calculated as
l001 ¼ lC þ
2X
L001
c111
sin h
 c001
tan h
 
¼ lC þ
2X
L001
f c; hð Þ; (6)
l111 ¼ lC þ
X
L111
c001
sin h
 c111
tan h
 
þ cIIIVsidewall  csidewall
cos h
 c111
cot h
 
¼ lC þ
X
L111
g c; hð Þ; (7)
where h is 54.7 between facet (001) and facet (111). lC is
the chemical potential of crystal solid phase as reference
throughout the discussion of this report. Such facet size de-
pendence of the average chemical potential suggests that the
contribution of surface energies of neighboring facets
becomes negligible for the larger facet. The extreme case
would practically be the blanket substrates. Additionally, the
same geometrical relationship as the “Lagrange multiplier”
strategy in the case of zero tapering angle can be achieved
by equating l001 to l111 for equilibrium.
In order to further investigate the inter-facet migration,
we divide the discussion into two extreme cases, i.e., “SD”
and “SALK.” Physically, for the surface diffusion process,
the growth rate is proportional to the second spatial deriva-
tive of surface chemical potential. While for the later pro-
cess, it is linearly proportional to the chemical potential
difference in the linear thermodynamic regime (relatively
low supersaturation compared to kBT, i.e., Boltzmann con-
stant multiplied by temperature).19,20 In the following dis-
cussion, we construct the surface chemical potential profile
with proper assumptions then calculate the migration rate
(i.e., growth/recess rate depending on the migration direc-
tion) of the two facets for these two extreme cases. However,
practically for the MOVPE growth, both processes can be
involved in surface kinetics depending on the geometrical
size, kinks/steps density, surface temperature, and the kinetic
energy barrier of corresponding facet. Finally, we employ
the simple decomposition of practical growth rate to assess
the possible self-limited behavior of facet size inside
trenches when coupling the surface energy driven flux (capil-
lary flux) with external flux for further exploration.
A. Surface diffusion limited case
In this extreme case, the adatoms can be easily attached
to/detached from the lattice. Locally, the adatoms can be
regarded as equilibrium to the lattice atoms on the facet sur-
face or they have the same chemical potential due to the
assumption of fast attachment/detachment step. The surface
diffusion step of these adatoms is the limited step to deter-
mine the migration rate. Essentially, the adatom diffusion
process is driven by the gradient of surface chemical poten-
tial based on the second Fick’s law, the normal growth rate
of the facet induced by surface diffusion is
dzi
dt
¼ XCiDi
kBT
r2l; (8)
where zi and t are the normal height of individual facet and
growth time, Di (nm
2/s) and Ci (atoms/nm
2) are, respec-
tively, the surface diffusion constant and areal adatom den-
sity of each facet. X is the atomic volume (nm3/atom).17,18
Since normally the facet moves parallel to its own plane
in submicron trenches, the surface chemical potential of one
facet can be constructed to follow a parabolic relationship
(the second derivative is constant) because of the same nor-
mal (perpendicular to the facet plane) growth rate over the
individual facet, i.e., l ¼ ax2 þ bxþ c. To construct the sur-
face chemical potential for each facet, the following condi-
tions should be satisfied:
(1) the surface chemical potential is continuous at the joint
of Facet (001) and Facet (111),
(2) the constraint of area or mass conservation,
2GRMIGRATION111 L111 þ GRMIGRATION001 L001 ¼ 0, where
GRMIGRATION001 and GR
MIGRATION
111 are, respectively, the
growth/recess rate of Facet (001) and (111) caused by
the inter-facet surface migration,
(3)
Ð L001=2
L001=2
l001 sð Þds
L001
¼ l001 ,
Ð L111
0
l111 lð Þdl
L111
¼ l111 , where s is the
distance on Facet (001), l is that on Facet (111),
(4) the flux at the joint of Facet (111) and sidewall is zero
due to no exchange of materials with the exterior,
(5) the flux at the middle point of Facet (001) is zero due to
the symmetry.
Consequently, the possible surface chemical potential for
Facet (001) could be expressed as
l100 sð Þ ¼
6 l111  l001ð Þ
2D001C001
D111C111
L001L111 þ L2001
s2  L
2
001
12
 
þ l001 ; 
L001
2
 s  L001
2
 
; (9)
while for facet (111),
l111 lð Þ ¼
3 l001  l111ð Þ
2L2111 þ
D111C111
D001C001
L001L111
l2  L
2
111
3
 
þ l111 ; ð0  l  L111Þ: (10)
Correspondingly, the growth/recess rate of facet (001)
and (111) due to the inter-facet surface diffusion can be
obtained as
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GRMIGRATION001 ¼
12X2
g c; hð Þ
L111
 2f c; hð Þ
L001
 
kBT
2L001L111
D111C111
þ L
2
001
D001C001
  ; (11)
GRMIGRATION111 ¼
6X2
2f c; hð Þ
L001
 g c; hð Þ
L111
 
kBT
2L2111
D111C111
þ L001L111
D001C001
  : (12)
Equations (11) and (12) suggest that the surface energy, dif-
fusivity and facet size all impact the inter-facet migration
progress. The driving force from the surface chemical poten-
tial difference is contained in the numerator and the denomi-
nator includes the information of surface kinetics.
Additionally, if the facet dimension scales with the propor-
tion b, the growth/recess rate scales as b3 in this case of
surface diffusion limited kinetics.
B. Surface attachment/detachment limited case
In the case of “SALK,” the surface diffusion process is
significantly faster compared to the attachment/detachment
process to/from kinks or steps, therefore both the adatom and
surface chemical potential can be assumed as constant over
the whole facet to keep the same normal growth rate, con-
trary to the parabolic shape in the surface diffusion-limited
case. If the linear kinetic coefficients of attachment/detach-
ment processes for (001) and (111) facets are, respectively,
k001 and k111, the growth/recess rate due to surface energies
would be evaluated as
GRMIGRATION001 ¼ k001  ~l  l001ð Þ; (13)
GRMIGRATION111 ¼ k111  ~l  l111ð Þ : (14)
The k001 or k111 is linear attachment/detachment kinetic coef-
ficient. It depends on the temperature, attachment/detach-
ment energy barrier as well as kink sites density13,21 and it
varies with facets due to different surface atomic configura-
tions. If the facet is growing, the adatoms attach to the
kinks/steps, we consider k001=k111 as attachment rate accord-
ingly. Otherwise, it represents the detachment rate when the
corresponding facet is recessing. ~l is the chemical potential
of the ambient phase in which the atoms are exchanging by
diffusion. If the desorption process is negligible, this phase is
regarded as that of “adsorbed layer.” In some cases, ~l is con-
sidered as the chemical potential of vapor phase near to the
surface, then the limited kinetics will be adsorption/desorp-
tion. However, the basic characteristic equations are similar
except k001 and k111 are the adsorption/desorption rate
instead.
In the condition of mass conservation
2GRMIGRATION111 L111 þ GRMIGRATION001 L001 ¼ 0, the chemical
potential of the “adsorbed layer” phase could be calculated
as
~l ¼ 2k111L111l111 þ k001L001l001
2k111L111 þ k001L001 : (15)
Hence,
GRMIGRATION001 ¼
X
g c; hð Þ
L111
 2f c; hð Þ
L001
 
1
k001
1 þ k001L001
2k111L111
  ; (16)
GRMIGRATION111 ¼
X
2f c; hð Þ
L001
 g c; hð Þ
L111
 
1
k111
1 þ 2k111L111
k001L001
  : (17)
Similarly, it is indicating the driving force in the numerator
and kinetics in the denominator. But the migration rate scales
as b1 different from the “SD” case.
In both limited cases, the migration direction depends
on the comparison of l001 to l111 . Associated with the aver-
age surface chemical potential in Eqs. (6) and (7), if
L001=2L111 > f c; hð Þ=g c; hð Þ, the inter-facet surface migra-
tion is from facet (111) to facet (001). The facet size of (001)
shrinks by recessing and that of facet (111) expands by
growing, in order to reach the equilibrium ratio
f c; hð Þ=g c; hð Þ . According to Eqs. (11) and (12) for “SD”
and (16) and (17) for “SALK,” the growth rate of facet (001)
and the recess rate of facet (111) versus L001 can be calcu-
lated in the progression to the ES, schematically shown in
Fig. 2. Initially, since the facet size deviates significantly far
from the equilibrium value, the migration rate is higher.
Afterwards as approaching to the ES (in this case, L001
decreases), the driving force is closer to zero and the migra-
tion rate drops to zero in both cases without any external
supply of atoms. Correspondingly, the opposite case of
L001=2L111 < f c; hð Þ=g c; hð Þ is also described in the same
figure for comparison, where the migration direction is from
(001) to (111). Nevertheless, the migration rate follows the
same trend.
The growth/recess rate is assessed in this part without any
external supply of atoms, only driven by the minimization of
total surface energy and limited by the “SD” or “SALK” pro-
cess. In the following part, we take into consideration the exter-
nal supply of atom flux during the MOVPE growth.
C. Analysis with external arriving flux
During the process of epitaxy, the atoms arrive to the
facet surface externally. The contribution to the observed
growth rate of individual facet could be divided into external
atoms and inter-facet migrating atoms, as shown in Fig. 3(a).
It could be approximated as the isolated growth rate modified
by the inter-facet migration induced by surface energy, as
treated in Refs. 11, 12, and 14. To stabilize the crystal pro-
file,11,12,22 it is necessary that the ratio of growth rate of
(111) to (001) is cos h (in this case, 0.5779), as illustrated in
Fig. 3(b). This statement can be expressed as
GRISOLATED111 þ GRMIGRATION111
GRISOLATED001 þ GRMIGRATION001
¼ cos h; (18)
where GRISOLATED001 and GR
ISOLATED
111 are the growth rates of
(001) and (111) facet, respectively, without the inter-facet
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migration. It suggests the amount of materials per area can
be effectively deposited onto the facets, which is determined
primarily by the vapor phase diffusion and surface reaction
kinetics in the occasion of MOVPE (e.g., the cracking effi-
ciency of precursors, absorption/desorption). Associated
with the geometrical requirement 2L111cos hþ L001 ¼ W and
mass conservation, the stable shape (e.g., Lstable001 and L
stable
111 )
should satisfy in different trenches
GRISOLATED111  GRISOLATED001 cos h ¼
W
2Lstable111
GRMIGRATION001 :
(19)
The solution to this equation, might achieved numerically,
indicates the stable length of (001) and (111) facet inside
trenches for specific growth conditions. Practically, the
limited information of surface energies, diffusion barrier
energy/attachment rate, etc., during the growth hinders the
quantitative delineation of facet evolution inside sub-micron
trenches. Thereby, the theoretical analysis based on the
modified expressions could be feasible with the measurement
of stable facet sizes. For the “SD” case,
Lstable111 L
stable
001
 	2
W
¼ 6X
2g c; hð ÞD001C001
kBT GR
ISOLATED
111  GRISOLATED001 cos h
 	

Lstable001
2Lstable111
 f c; hð Þ
g c; hð Þ
Lstable001
2Lstable111
þ D001C001
D111C111
2
66664
3
77775:
(20)
FIG. 2. (a) Schematic of two possible migration direction, (b) the growth/recess rate of Facet (001) for the inter-facet migration, (c) the growth/recess rate of
Facet (111) for the inter-facet migration, red line: from (001) to (111), blue line: from (111) to (001). Both of them reach to the equilibrium shape eventually
with dropping growth rate.
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If the “SALK” process dominates, the followed expression
can be obtained:
Lstable111 L
stable
001
W
¼ Xg c; hð Þk111
GRISOLATED111  GRISOLATED001 cos h
 	

Lstable001
2Lstable111
 f c; hð Þ
g c; hð Þ
Lstable001
2Lstable111
þ k111
k001
2
66664
3
77775: (21)
First of all, we notice that the exponent n of
Lstable111 L
stable
001
 	n
=W is 2 for the “SD” case and 1 for the
“SALK” case, respectively. Such difference could provide
justification of which surface process dominates via proper
mathematical fitting for practical applications. Furthermore,
depending on the comparison of GRISOLATED001 cos h to
GRISOLATED111 , there can be three cases,
(1) GRISOLATED111 ¼ GRISOLATED001 cos h, the stable facet size
should satisfy Lstable001 =2L
stable
111 ¼ f c; hð Þ=g c; hð Þ, just simi-
lar to the equilibrium occasion,
(2) GRISOLATED111 < GR
ISOLATED
001 cos h, the stable size should
follow Lstable001 =2L
stable
111 < f c; hð Þ=g c; hð Þ, now the
Lstable111 L
stable
001
 	n
=W is a decreasing function of
Lstable001 =2L
stable
111 for trenches of different widths,
(3) GRISOLATED111 > GR
ISOLATED
001 cos h, the stable size should
follow Lstable001 =2L
stable
111 > f c; hð Þ=g c; hð Þ, instead the
Lstable111 L
stable
001
 	n
=W is an increasing function of
Lstable001 =2L
stable
111 for different trenches. Mathematically, it
has an asymptotic value of CSD or CSALK,
where we define the coefficients as followed
CSD ¼ 6X
2g c; hð ÞD001C001
kBT




GRISOLATED111  GRISOLATED001 cos h





;
for the case of ‘‘SD’’;
CSALK ¼ Xg c; hð Þk111



GRISOLATED111  GRISOLATED001 cos h





;
for the case of ‘‘SALK’’:
All of them are summarized schematically in Fig. 4.
Finally, proper mathematical curve fitting could
theoretically obtain the value of f c; hð Þ=g c; hð Þ, and
D001C001=D111C111 or k111=k001 based on the data from dif-
ferent trench widths. However, during the selective growth
inside submicron trenches, the difference between the supply
of materials to facet (001) and facet (111) could be influ-
enced by the geometry in terms of vapor phase diffusion,
which could be potentially influenced by the trench size.
Hence, the isolated growth rate of facets and furthermore the
coefficient CSD or CSALK could be different for variant trench
width. Nevertheless, the ratio Lstable111 L
stable
001
 	n
=W will
approach to the extreme for the shrinking trench dimension.
Accordingly, the ratio Lstable001 =2L
stable
111 theoretically
approaches to the value of f c; hð Þ=g c; hð Þ.
IV. CONCLUSION
In summary, we analyzed the evolution of crystal shape
inside submicron trenches in the case of (001) and (111) fac-
ets with surface/interface energy considered. The equilib-
rium shape is reached when L001=2L111 equals
f c; hð Þ=g c; hð Þ. In the non-equilibrium case, the growth/re-
cess rate of corresponding facet induced by inter-facet
migration is explicitly modeled based on the “WMC”
method in both the “SD” and “SALK” cases. Coupled
with the external flux, the self-limited behavior of facet
size is theoretically predicted with the relationship of
FIG. 3. (a) Schematic of two compo-
nents of flux contributing the individ-
ual facet growth rate, in this case,
adatoms migrate from (111) to (001),
(b) stabilization of facet size when the
growth rate ratio is equivalent to cos h.
FIG. 4. Schematic of Lstable111 L
stable
001
 	n
=W versus Lstable001 =2L
stable
111 in trenches of
different widths for three different possible cases. n¼ 2 for “SD” case and
n¼ 1 for “SALK.”
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Lstable111 L
stable
001
 	n
=W versus Lstable001 =2L
stable
111 acquired. n¼ 2 indi-
cates the “SD” regime and n¼ 1 the “SALK” regime. Three
different cases can be categorized according to the compari-
son of GRISOLATED001 cos h to GR
ISOLATED
111 . Further work is
needed to investigate the impact of external flux on the ada-
tom density (chemical potential) on the facets with the joint
consideration of two kinetics and the involvement of surfa-
ce/bulk strain energy for nano-trenches.
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